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Introduction

In the world of today, there is a lot of information we can go through, but might not have enough to store
it all as is for future calculations. For example, we might want to find the frequency of some item in a
long stream, or perhaps the most frequent items.
7KHUHDUHVHYHUDODOJRULWKPVWKDWNHHSD³VNHWFK´RIWKHVWUHDPLQRUGHUWRDQVZHUTXHULHVLQTXLFNXVLQJ
the sketch, which is sublinear in space compared to the stream.
2QHRIWKHDOJRULWKPVLVFDOOHG³&RXQWLQJ6NHWFKHV´SXEOLVKHGE\M. Charikar, K. Chen, and M. Farach&ROWRQ:H¶YHVWXGLHGDQGDQDO\]HGWKHVSDFHFRPSOH[LW\TXHU\FRPSOH[LW\DQGHUURUERXQGVIRUWKLV
algorithm in class.
A second algorithm published by *&RUPRGH60XWKXNULVKQDQLVFDOOHG³&RXQW-0LQ6NHWFKHV´ in
which we are also able to create a sublinear sketch of the stream, and approximate the count of items
quickly.
,QWKLVZRUN,¶OOFRPSDUHWKH&RXQW6NHWFKHVDOJRULWKPCount Min Sketch, including the space and time
required to create the sketch and answer queries, and the time required to approximate the k most frequent
items.
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T he Count-Min Sketches A lgorithm

Given a stream ܵ = ݐ < ܽ1 , ܽ2 , ܽ3 ǥ ܽ > ݐof objects 1 , 2 ǥ  ݊, each appearing ݂ሺ1 ሻ, ݂ሺ2 ሻ, ǥ ݂() ݊
times, the Count-Min Sketch data structure allows us to approximate ݂(ܽ), the number of occurrences of
the element ܽ at time  ݐfor any element ܽ.
݁

1

The sketch requires ܱ(ቀߝ ቁ ln ቀߜ ቁ) space and lets us calculate ݂መሺܽሻ such that:
݂ሺܽሻ  ݂መሺܽሻ  ݂ሺܽሻ +   ߝݐ
݁

The Count-Min Sketch data structure is an ݀  ݔ כmatrix (referred to as count) where  = ݓቒߝ ቓ and ݀ =
1

ቒ݈݊(ߜ )ቓ.
The structure also includes ݀ hash functions:
݄1, ݄2, ǥ ݄݀     ሼ1. . ݊ሽ ՜ {1. . }ݓ

Where n is the number of different objects in our stream.
Each hash function is associated with a row in the matrix, and all hash functions are pair-wise
independent.

,QRUGHUWRSURSDJDWHWKHGDWDVWUXFWXUHZH¶OOH[ecute the update procedure for each element in the stream
as we encounter it.

T he Update Procedure:
When we encounter an object ܽZH¶OOLQFUHPHQWWKHFRXQWHULQHDFKURZby 1. The counter is the
determined by ݄݅ .
Formally:  ݎܨ ݄݁ܽܿ  ݅  אሾ1. . ݀ሿ: ܿݐ݊ݑሾ݅, ݄݅ ሿ =   ܿݐ݊ݑሾ݅, ݄݅ ሿ +   1

A pproximate Q uery:
Clearly for each ݅ we immediately have   ݂(ܽ)  ܿݐ݊ݑሾ݅, ݄݅ ሺܽሻሿ. However, the bound may be poor. To
JHWDEHWWHUHVWLPDWRUZH¶OOWDNHWKHPLQLPXPRYHUDOOWKHURZVLQFRXnt.
The query function will therefore be:
݂መሺܽሻ = min ܿݐ݊ݑൣ݆, ݄݆ ሺܽሻ൧.
݆

:H¶OOQRZSURYHDERXQGRQWKHHUURU,QRUGHUWRPDNHWKHSURRIDVVLPLODUDVSRVVLEOHWRWKHRQHZH
gave for Counting Sketches in class, the proof is a little different than the one given by Cormode and
Muthukrishnan [3].

First GHILQHWKH³LQYHUVH´RI݄݅ . Let ݄݅െ1 ሺܽሻ to be the set of all elements that ݄݅ sets in the same place as ܽ
(this is similar to the inverse ݄ we defined in class for Counting Sketches).
Formally:
݄݅െ1 ሺܽሻ = {ܾ|݄݅ ሺܽሻ = ݄݅ ሺܾሻ}
:H¶OOGHQRWH
݂መ݅ ሺܽሻ = ܿݐ݊ݑሾ݅ሿሾ݄݅ ሺܽሻሿ =



݂ሺܾሻ =

ܾ݅ ݄אെ1 ሺܽሻ

݂ሺܽሻ +



݂ሺܾሻ

ܾ݅ ݄אെ1 ሺܽሻ}ܽ{ך

The expected difference between the i¶th estimator for ܽ ± ݂መ݅ (ܽ) and ݂(ܽ) itself can be bounded:
ܧൣ݂መ݅ ሺܽሻ െ ݂ሺܽሻ൧ =  ܧቈ

ܾ݅ ݄אെ1 ሺܽሻךሼܽሽ

݂ሺܾሻ =

1
ߝ
 ݂ሺܾሻ =  ݂ሺܾሻ
ݓ
݁
്ܾܽ

്ܾܽ

ߝ
ߝ
  = ݐหȁ݂ȁห1
݁
݁
We get this from the assumption that ݄݅ is a perfect hash function, and therefore the probability for a
1

ߝ

collision is  ݓwhich is set to ݁ .
Using the Markov inequality:
݂ܲ[ݎመ݅ ሺܽሻ െ ݂(ܽ)  ߝ = ]ݐPr ݂መ݅ ሺܽሻ െ ݂ሺܽሻ 

ߝݐ
1
݁൨ 
݁
݁

From the pair-wise independence of the hash functions, we get:
ܲ ݎൣ݂መሺܽሻ െ ݂ሺܽሻ  ߝݐ൧ 

1
=
݁݀

1
݁

1
lnቀ ቁ
ߜ

Therefore,
ܲ ݎൣ݂መሺܽሻ  ݂ሺܽሻ +   ߝݐ൧  1 െ ߜ  

= ߜ  

F inding the frequent items:
6LPLODUO\WRZKDWZH¶YHGRQHLQFODVVWKHDOJRULWKPIRUILQGLQJWKHPRVWIUHTXHQWLWHPVLVWRJRRYHUWKH
stream, and update a Count-Min Sketch with all the elements seen so far. When we process (update) an
element, we also approximate its frequency (using the query method above) and keep the top k most
frequent items.
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A nalysis of Count Sketches

:H¶OOQRZJLYHDTXLFNDQDO\VLV of the Count Sketches algorithm. This analysis is similar to the one
SUHVHQWHGLQFODVVEXWZH¶OOERXQGWKHHUURUFKDQFHIRUHDFKSRLQWTXHU\7KLVZLOODOORZXVWREHWWHU
compare the two algorithms later on.
:H¶OOVWDUWE\DQDO\]LQJWKHHUURUIRUDIL[HG item a:H¶OOWDNHDORRNDW a¶VFRXQWHULQURZLWKDWLV
count[i][݄݅ (ܽ)], and analyze ܺ = ݂(ܽ) െ     ݄݅[]݅[ܥ (ܽ)] ή ( )ܽ( ݅ݏi.e. X denotes the error of the
approximation in row i). For ܽ = ! ݆, denote ܻ݆ the contribution of  ݆to the error. Note that this happens
1

only when ݄݅ ሺܽሻ = ݄݅ () ݆, with probability ܾ . In such situation, it contributes ݂( ) ݆ή  ) ݆( ݅ݏto X.
1

 ) ݆(݂ ۓ                     ݓ.  2ܾ
ۖ
1
ܻ݆ =    െ݂( ) ݆                 ݓ.  2ܾ 
۔
ۖ 0                  ݓ.   1 െ 1
ە
ܾ
Therefore ܧൣܻ݆ ൧ = 0.
2

ܸܽݎൣܻ݆ ൧ =

ܧൣܻ-‐݆2 ൧

݂൫ ݆൯
െ  ܧൣܻ݆ ൧ =
ܾ
2

:H¶OODVVXPH:/2*WKDWܽ = 1 . The error is then the sum of all other ܻ݆ ¶V
X = Y2 + Y3 +  ڮ+ ܻ݊
All ܻ݆ ¶VDUHSDLU-wise independent because the hash functions are pair-wise independent:
ܸܽݎሾܺሿ = ܸܽݎሾܻ2 ሿ +  ڮ+ ܸܽݎሾܻ݊ ሿ =
݊

݂ሺ2 ሻ2
݂ሺ ݊ሻ2 1
2
2
+ ڮ+
=  ݂൫ ݆൯ = หȁ݂ȁห2 െ ݂(1 )
ܾ
ܾ
ܾ
݆ =2

1RZXVLQJ&KHE\FKHY¶VLQHTXDOLW\
2

Pr ቈ|ܺ|  ߝ ට൬หȁ݂ȁห2 െ ݂ሺ1 ሻ൰ 
1

1

1
ߝ2ܾ

݁

We¶OO demand ߝ 2 ܾ  ݁      ՜   ܾ = ܱ(ߝ 2 )
Now with taking the median of  ݅ݏሺሻܿݐ݊ݑሾ݅ሿሾ݄݅ ሺܽሻሿ  ݂ ݎ ݅ = 1   ݐ ݐDQGXVLQJ&KHUQRII¶VLQHTXDOLW\ZH
get
2
ห݂መሺܽሻ െ ݂(ܽ)ห  ߝ ට൬หȁ݂ȁห2 െ ݂ሺ1 ሻ൰  ߝหȁ݂ȁห2
1

With probability 1 െ ߜ for (ܱ = ݐln ቀߜ ቁ).
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Comparing Count Sketches and Count M in Sketches

:H¶OOQRZ compare the two algorithms, by means of space required by their data structures, the running
time of the update operation and the running time of the query operation.
Count-M in:
Space: The space required by the Count-Min Sketches data structure is ܱሺ݀ ݓ+ ݀ሻ, because we keep a
count matrix sized ݀ ή  ݓand ݀ hash functions (each of them can be stored in ܱሺ1ሻ space).
݁

1

Overall, the sketch requires ܱሺ݀ݓሻ = ܱ ൬ቀߝ ቁ ή ln ቀߜ ቁ൰ space.
1

Update: The update time for each element is ܱሺ݀ሻ = ܱ(ln ቀߜ ቁ)
Query: The minimum of ݀ elements can be found in linear time, and therefore the query time is ܱሺ݀ሻ =
1

ܱ ቀߜ ቁ
Error measurement: The error is measured as a ratio to the norm 1 of the stream¶VIUHTXHQFLHV, in our
case, the number of elements in the stream.

Count-Sketches:
Space: The space required by the Count Sketches DOJRULWKPZH¶YHVHHQLQFODVVLVܱሺܾ ݐ+ 2ݐሻ, because
we keep a count matrix sized ܾ ή  ݐand 2 hash functions per row.
e
İ

1
ߜ

Overall, the sketch requires ሺܾݐሻ = ܱ(( 2 ) ή ln ቀ ቁ) space.
1

Update: The update time for each element is ܱሺݐሻ = ܱ(ln ቀߜ ቁ).
Query: Finding the median of  ݐelements can be done in linear time using some selection algorithm, and
1

therefore the query time is ܱሺݐሻ = ܱ(ln༌
(ߜ )).
Error measurement: The error is measured as a ratio to the norm 2 of ݂.
Norm 2 of a vector is in general bounded by the first norm. From this perspective Counting Sketches
PLJKWJLYHDEHWWHUJXDUDQWHH7KLVLVHVSHFLDOO\WUXHZKHQWKHLWHPV¶IUHTXHQFLHVDUHHYHQO\GLVWULEXWHG

The following table sums up some of the important differences of the algorithms:
Algorithm
Data Structure Space

Time per update
Time per query
Epsilon error is a ratio of

Hash function
independence

Count-Min Sketches
݁
1
ܱ ቆቀ ቁ ή ln ൬ ൰ቇ
ߝ
ߜ

1
ܱ(ln ൬ ൰)
ߜ

Count Sketches (from
class)
݁
1
ܱ(ቀ 2 ቁ ή ln ൬ ൰)
ߝ
ߜ

1
ܱ(ln ൬ ൰)
ߜ

1
ܱ(ln ൬ ൰)
ߜ
หȁ݂ȁห1 ± norm-1 of the
frequency vector.

1
ܱ(ln ൬ ൰)
ߜ
หȁ݂ȁห2 - norm-2 of the
frequency vector.

Pairwise

Pairwise

Comments
Count-Min requires
space that is
1
proportional to
ߝ
while Count-Sketches
requires space that is
1
proportional to ߝ 2
Update and query
time are similar in
both algorithms
When setting same
value for ߝ in both
algorithms, the Count
Sketches gives a
better error
guarantee.
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6RPH³UHDOZRUOG´UHVXOWV

,QRUGHUWRFRPSDUHWKHWZRDOJRULWKPVRQWKH³EDWWOHILHOG´ZH¶YH implemented both of them in Java,
using very similar data structures and objects (source code in Java 1.6 is attached).
:H¶YHXVHGWKHELEOHDVRXUGDWDVHW .LQJ-DPHV%LEOH± free version available at
http://printkjv.ifbweb.com/).
As mentioned before, the algorithms differ in their error measurement, which comparing the results
difficult. In order to make the comparison more applicable, ZH¶YHGHFLGHGWRXVHWKHHUURUERXQGIURP
both algorithms as a word count.
This was computed as follows:
-

Count how many times each word appears and put the results into a vector ± f.
Compute norm-1 of the vector.
Compute norm-2 of the vector.
Compute ߝ for the Count-Min Sketch algorithm using:
ߝ ή หȁ݂ȁห1  ܹݎݎݎܧݐ݊ݑܥ݀ݎ

-

Compute ߝ for the Count-Min Sketch algorithm using:
ߝ ή หȁ݂ȁห2  ܹݎݎݎܧݐ݊ݑܥ݀ݎ

When using ߜ = 0.01, these were the results:

,W¶VSRVVLEOHWRVHHWKDWDVWKHZRUGFRXQWHUURUERXQGGHFUHDVHVWKH&RXQW-Min Sketch algorithm
1
1
performs better. This is due to the ܱ(ߝ 2 )   space required in the Count Sketches algorithms versus the ܱ(ߝ )
in Count-Min sketch while the norm values stays the same (the dataset stays the same). This matches our
expectations.
Timing the results gives similar results between the two algorithms, and only depends on the ߜ parameter
as expected (Since both update and query operations depend only on ߜ.
,W¶VSRVVLEOHWRVHHWKH&RXQW6NHWFKHVDOJRULWKPLVDOLWWOHELWVORZHULQSUDFWLFHSUREDEO\EHFDXVH it runs
twice as many hash calculations than the Count-Min algorithm.
Another interesting thing to look at is the algorithms error count in practice, when we limit their space
usage. In the following graph we can see the average error count (in words) of each of the algorithms,
when they are limited to some space (in all cases ߜ=0.01).

We can see that using this dataset (King James Bible), the Count-Min sketch algorithm gives better
average error than the Count Sketches when using the space bound.
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